Introduction and first results
The purpose of this note is to estimate the number of lattice points in parts of elliptic paraboloids. Let t = (t l9 t 2 , -.., t p ), and let (i) (t)= Σ ViO> u=i p ^ 2, be a positive definite quadratic form with a tj = a jt and the determinant ) > 0.
Let χ and y be two large parameters with l < χ ^ y. Denote n = (n l9 n 2 , . . . , n p ). We consider the number of lattice points in a part of a (p + l)-dimensional elliptic paraboloid defined by ( 
2) R p (x, γ)=Φ {(n, m) : Ο ^ β (n) < mx £ y; n i9 m E Z}.
The case/? = l may be allowed. Here R l (x, y) denotes the number of lattice points in a part of a parabola. This case was investigated by V. N. Popov [9] . We assume in this case without loss of generality that α ίί = l in (1) .
If p Ξ> 2, there are two essentially different situations: Firstly we consider the case, where the coefficients a tj are real numbers in general. But we obtain much better results if we assume that some of the coefficients are rational. Especially this is the case ifa tj = 0 for / =j=y or if the paraboloid is rational, which means that the numbers a u have a pairwise rational quotient. We get a first understanding of the problem by applying the known results on the number of lattice points in ellipsoids. From these estimations we obtain, by trivial means, Theorem 1. 
(3)
On the one hand the remainder A p (x 9 y) is represented by On the o t her hand the remainder Δ ρ (χ, y) possesses the representation
The estimation (8) holds for p ^ 1.
Proofofthe representation (3) with the remainder (4) and the estimations (5) and (6). We have from (2)
Applying the Euler-Maclaurin sum formula (3) and (4) follow immediately.
result
The general estimation (5) is trivial for p = l and is obtained for/? ^ 2 by E. Landau's (9) (see [1] , Kapitel 4, §22, Satz 1). The estimation (6) follows from (10) f z2 for p ^ 5, |zlog 2 z for p = 4, which was proved by A. Walfisz, E. Landau and V. Jarnik (see [1] , Kapitel 4, § 19, Satz 2 and § 22, Satz 3).
Proof of the representation (3) with the remainder (7) and the estimation (8) .
Now we obtain the representation (3) with the remainder (7). Trivial estimation shows that which is clear for p = l and which was proved by V. Jarnik (see [3] , Satz 3).
The general case of a paraboloid will be considered in Section 2. There an improvement of estimation (5) will be given by a method of E. Landau. The exponent of y will be reduced to p/2, but the exponent of χ in the denominator will be smaller than l (see (13)). Now let us consider the estimation (6) in case of rational paraboloids. Especially, we consider the case a u = l, a tj = 0 for 1*47, 1,7= 1,2,...,/?. It is well-known (see [4] , Satz 6.17) that the number r 4 (n) of representations of the positive integer n by a sum of four squares of integers is given by 8 σ (ή) if n φ 0 (mod4) and by 8σ(«) -32 σ (n/4) if n = 0 (mod4), where σ (n) denotes the sum of divisiors of n. Therefore, we have r 4 lattice points on the surface with m ^ y/x. Thus, the estimation (6) cannot be improved for p ^ 5. In case of p = 4 the problem is nearly solved, apart from the logarithm factor.
Strictly speaking it remains to investigate the cases p = l, 2, 3.
Let p = l . Then we obtain from (4)
If we apply van der Corput's simple theorem (see [5] , Theorem 2.3), we get the estimate Ο(γγχ ~1 /3 ) for the sum over the 'P-function. This is an improvement with respect to (5) A very important result was stated by V.N. Popov [9] . Let || l|| denote the distance from t to the next integer. This means that
Let the f-function in representation (7) The importance of the result lies in the fact that, apart from the factor jiogiog^, this estimation cannot be improved for y ^ x 2 .
Let p = 2. We can apply Popov's method if we assume that some of the coefficients have a pairwise rational quotient. In Section 4 we consider the case that a i2 /a ix is a rational number, and in Section 5 we investigate the case, where both α 12 /#ι ι and a 12 /a 2 2 are rational numbers.
It is remarkable that we can extend both results to larger dimensions p. Therefore, we suppose in Theorems 4 and 5 at once that/? ^ 2. The result of Theorem 4 will be only better than the estimation of Theorem 2 in Section 2 ifp = 2, 3. On the other hand the proof is by no means more complicated in the general case of p ^ 3. In Theorem 5 we prove nearly the estimation (6), only with a slight restriction. Namely, we must suppose that y ^ x 3 . It is a matter of course to expect that the estimation holds for y ;> x 2 .
In order to prove the estimations of Sections 4 and 5 we need a generalization of the inequality (12) to two dimensions. Thus, we consider in Section 3 a weighted lattice point problem in a planar domain. The combination of this result with the method of V. N. Popov will be the heart of proof of Theorems 4 and 5. 
, and c is a certain positive constant. A similar inequality holds in the opposite direction. Hence, there is a positive constant c such that Manifold values are counted repeatedly. Then E. Landau [7] has proved the identity
where / v (r) denote Bessel functions. The series is for each interval 0 < x t ^ χ ^ x 2 absolutely and uniformly convergent. In the following we use the well-known formula
and the asymptotic representation
for z -» oo. Then 
Now it is clear (see E. Landau [6] ) that Υ i-«</*'" 
M
We assume that x$ <; x, and we put z = Mxx 0 2 . Then A similar result holds for the sum over I^mx). Thus, the inequality (14) leads to the estimation
Now we put jc 0 = χ 2/(Ρ+2)^ 811€^ ^α ί ^β con( jition x$ ^ je is satisfied. Then and the assertion (13) follows at once.
Remark to the case /? = 2. As mentioned above the estimation (5) is better than (l 3) if y < x 312 . A further improvement we obtain if we apply Huxley's result, which can be found in [8] s Theorem C. Then mx :g y Moreover, from a result of H. P. F. Swinnerton-Dyer [10] on the number of lattice points on a convex curve we obtain 13 mx ^ y for every ε > 0. Hence, it follows from (4) that (15) zl 2 (x, y ) =
On weighted lattice points in a planar domain
Let D be a compact planar domain. Let α, β be real numbers not both integer-valued. The aim of this section is to estimate the sum We may assume that |/"(/)l < l si nce otherwise the result will be trivial. Putting we obtain (20)
The result (18) now follows from (19) and (20).
The following corollary of Lemma 2 is obvious.
Corollary. Let ρ(ί), σ(ί) satisfy the conditions of Lemma 2. Let A (a, ; D) be defined by (16), where β is not an integer. Suppose that the domain D is given by
The following concept ofa smooth curve will be used in the next theorem: Suppose there is a smooth curve in the usual sense in the plane which is given by an equation y =/(0> a^t^b, referred to a Cartesian eoordinate System (t,y). Assume that/(/) is twice continuously differentiable in [a, b"\ except possibly at the points a and b. Moreover, let/" (/) be monotonic and be either positive or negative throughout. Also it is assumed that the radius of curvature r (t) is continuous in the closed interval. Note that V. Jarnik (see [10] ) has proved that the number of lattice points on C does not exceed the order / 2/3 , where / denotes the length of the curve. We divide the domain D into finitely many subdomains such that to each of which the corollary to Lemma 2 can be used, where y = ρ (t) denotes the upper bound and y -σ (t) the lower bound, and into finitely many subdomains, where at the endpoints ofthe interval for t possibly ρ"(t) or σ"(t) or both tend to infinity. These last subdomains we can make so small such that, by trivial estimation, the areas are less than r^a x . Now consider the first type of subdomains. Since the number of lattice points on the lower bound in Lemma 2 are not counted, an error term of order / 2/3 arises. The absolute value r = r (t) of radius of curvature with respect to the function ρ(/) is given by We now consider a special case of Theorem 2. We assume that the absolute value of the radius of curvature is of order R throughout. Then R <sc r max , r min <^ R. Now D is a subdomain of a circle with radius and length of the bound of order R and an area of order R 2 . Then it follows from (22) 
Elliptic paraboloids with rational number a l2 /a ll
We consider the number of lattice points in elliptic paraboloids, where the number a i2/ a u i n ^e positive definite quadratic form (1) is rational. Note that the case a l2 -0 is allowed and that there is no assumption on the remaining coefficients. We need the following lemmas. Proof. We consider the quadratic form Q(t i9 1 2 , « 3 , . . . , n p ) for fixed « 3 , . . . , n p and apply Theorem 2.21 of [5] . Using the notation of that theorem we have + ^"8|/xjlogz + ^"8:
Then
Here we have used the inequality (25) once more to the last two terms in braces. Let d(ri) denote the number of divisors of n. It is well-known (see [4] ) that In case of y ^ x 8/3 we put z = * 2/3 , and in case of y ^ x 8/3 we put z = j;
The assertion (26) now follows from (7), (9) and (11).
We consider the number of lattice points in elliptic paraboloids, where the numbers a i2/ a n an d a 12 /a 22 are rational. Note that again the case a 12 = 0 in the positive definite quadratic form (1) is allowed and that there is no assumption on the remaining coefficients. The proof of the following theorem is again based on Lemma 3 and the method of V. N. Popov. If we put z = j;~1 /3 the assertion (28) follows from (7), (9) and (11). 
Remark

